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𝑔 𝜌𝑗 , 𝜃𝑘 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝛿 𝑥 cos 𝜃𝑘 + 𝑦 sin 𝜃𝑘 − 𝜌𝑗 𝑑𝑥𝑑𝑦

[Radon 1917]

𝑔 𝜌, 𝜃𝑘 →

𝑓 𝑥, 𝑦 →

𝜃𝑘

𝑦

𝑥

𝜌𝑗

𝑦′ 𝑔 𝜌𝑗 , 𝜃𝑘

𝑥′

𝐿 𝜌𝑗 , 𝜃𝑘 ≈ 𝑥 cos 𝜃𝑘 + 𝑦 sin 𝜃𝑘 = 𝜌𝑗

Radon
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Radon

𝑔 𝜌𝑗 , 𝜃𝑘 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝛿 𝑥 cos 𝜃𝑘 + 𝑦 sin 𝜃𝑘 − 𝜌𝑗 𝑑𝑥𝑑𝑦

[Radon 1917]

𝑔 𝜌, 𝜃 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝛿 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝜌 𝑑𝑥𝑑𝑦

𝑔 𝜌, 𝜃 = ෍

𝑥=0

𝑀−1

෍

𝑦=0

𝑁−1

𝑓 𝑥, 𝑦 𝛿 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝜌

Illustration

𝑓 𝑥, 𝑦 = ቊ𝐴 𝑥2 + 𝑦2 ≤ 𝑟2

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑔 𝜌, 𝜃 = න
− 𝑟2−𝜌2

𝑟2−𝜌2

𝐴𝑑𝑦 = 𝑔 𝜌 = ቊ2𝐴 𝑟2 − 𝜌2 𝜌 ≤ 𝑟

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑔 𝜌, 𝜃𝑘 →

𝑓 𝑥, 𝑦 →

𝜃𝑘

𝑦

𝑥

𝜌𝑗

𝑦′ 𝑔 𝜌𝑗 , 𝜃𝑘

𝑥′
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Radon [Radon 1917]

𝑔 𝜌, 𝜃𝑘 →

𝑓 𝑥, 𝑦 →

𝜃𝑘

𝑦

𝑥

𝜌𝑗

𝑦′ 𝑔 𝜌𝑗 , 𝜃𝑘

𝑥′

𝑥

𝑦

𝜃

𝜌

Radon spaceImage space

𝜃𝑘

𝜌𝑗

𝑔 𝜌, 𝜃 = ෍

𝑥=0

𝑀−1

෍

𝑦=0

𝑁−1

𝑓 𝑥, 𝑦 𝛿 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝜌

𝜌𝑗

𝜃𝑘

 Property 1: A point in the picture plane corresponds to a sinusoidal curve in the parameter plane.

 Property 2: A point in the parameter plane corresponds to a straight line in the picture plane.

 Property 3: Points lying on the same straight line in the picture plane correspond to curves through a 
common point in the parameter plane.

 Property 4: Points lying on the same curve in the parameter plane correspond to lines through the same 
point in the picture plane.
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Radon & Hough
the relationship
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Radon & Hough
the relationship



7 / 30

Radon & Hough
the relationship
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Radon [Radon 1917]
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Property Image space Radon space & Hough space

Original

𝑓 𝑥, 𝑦 𝑔 𝜌, 𝜃

Translation

𝑓 𝑥 − 𝑥0, 𝑦 − 𝑦0 𝑔 𝜌 − 𝑥0 cos 𝜃 − 𝑦0 sin 𝜃 , 𝜃

Scaling

𝑓 𝛼𝑥, 𝛼𝑦 1

𝛼
𝑔 𝛼𝜌, 𝜃

Rotation

𝑓𝑝𝑜𝑙𝑎𝑟 𝑟, 𝜙 + 𝜃0 𝑔 𝜌, 𝜃 + 𝜃0 mod2𝜋
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Radon [Gonzalez 2008 3rd]
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Back projection: formal interpretation

 for a single point, 𝑔 𝜌𝑗 , 𝜃𝑘 , copying the line 𝐿 𝜌𝑗 , 𝜃𝑘 onto 

the empty image with its intensity 𝑔 𝜌𝑗 , 𝜃𝑘

 repeating this process of all values of 𝜌𝑗 in the projected 

signal

𝑓𝜃𝑘 𝑥, 𝑦 = 𝑔 𝜌, 𝜃𝑘 = 𝑔 𝑥 cos 𝜃𝑘 + 𝑦 sin 𝜃𝑘 , 𝜃𝑘

𝑓𝜃 𝑥, 𝑦 = 𝑔 𝑥 cos 𝜃 + 𝑦 sin 𝜃 , 𝜃

 final image by integrating over all the back-projected 

images :

𝑓 𝑥, 𝑦 = න
0

𝜋

𝑓𝜃 𝑥, 𝑦 𝑑𝜃 ~෍
𝜃=0

𝜋

𝑓𝜃 𝑥, 𝑦 → 𝑙𝑎𝑚𝑖𝑛𝑜𝑔𝑟𝑎𝑚

Radon
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Back projection:

Radon

Back Projection

A little trick that almost works!
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Back projection:

Radon

Back Projection

A little trick that almost works!
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Radon [Gonzalez 2008 3rd]

Image 1 2

4 32 64
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Radon & Hough
Naive backprojection (without filtration)
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Radon & Hough
Naive backprojection (without filtration)
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Radon & Hough
line detection
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Radon & Fourier

 1D Fourier transform of a projection 𝑔 𝑙, 𝜃

ℱ1𝐷 𝑔 𝜌, 𝜃 = 𝐺 𝜔, 𝜃 = න

−∞

∞

𝑔 𝜌, 𝜃 𝑒−𝑖2𝜋𝜔𝜌𝑑𝜌

 Substitution

𝑔 𝜌, 𝜃 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝛿 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝜌 𝑑𝑥𝑑𝑦

𝐺 𝜔, 𝜃 =ම

−∞

∞

𝑓 𝑥, 𝑦 𝛿 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝜌 𝑒−𝑖2𝜋𝜔𝜌𝑑𝑥𝑑𝑦𝑑𝜌

 Rearranging

𝐺 𝜔, 𝜃 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 න

−∞

∞

𝛿 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝜌 𝑒−𝑖2𝜋𝜔𝜌𝑑𝜌 𝑑𝑥𝑑𝑦

 Applying the properties of the delta function

𝐺 𝜔, 𝜃 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝑒−𝑖2𝜋𝜔 𝑥 cos 𝜃+𝑦 sin 𝜃 𝑑𝑥𝑑𝑦

𝐺 𝜔, 𝜃 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝑒−𝑖2𝜋 𝑥𝜔 cos 𝜃+𝑦𝜔 sin 𝜃 𝑑𝑥𝑑𝑦

Projection-slice theorem (Fourier-slice theorem)
𝑔 𝜌, 𝜃𝑘 →

𝑓 𝑥, 𝑦 →

𝜃𝑘

𝑦

𝑥

𝜌𝑗

𝑦′ 𝑔 𝜌𝑗 , 𝜃𝑘

𝑥′
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Radon & Fourier

𝐺 𝜔, 𝜃 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝑒−𝑖2𝜋 𝑥𝜔 cos 𝜃+𝑦𝜔 sin 𝜃 𝑑𝑥𝑑𝑦

 This looks like 2D Fourier transform of 𝑓 𝑥, 𝑦

ℱ2𝐷 𝑓 𝑥, 𝑦 = 𝐹 𝑢, 𝑣 = ඵ

−∞

∞

𝑓 𝑥, 𝑦 𝑒−𝑖2𝜋 𝑥𝑢+𝑦𝑣 𝑑𝑥𝑑𝑦

where:

𝑢 = 𝜔 cos 𝜃
𝑣 = 𝜔 sin 𝜃

𝐺 𝜔, 𝜃 = 𝐹 𝜔 cos 𝜃 , 𝜔 sin 𝜃

Projection-slice Theorem
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Radon & Fourier
Projection-Slice Theorem
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Radon & Fourier

 2-D inverse Fourier transform

ℱ2𝐷
− 𝐹 𝑢, 𝑣 = 𝑓 𝑥, 𝑦 = ඵ

−∞

∞

𝐹 𝑢, 𝑣 𝑒𝑖2𝜋 𝑢𝑥+𝑣𝑦 𝑑𝑢𝑑𝑣

𝑢 = 𝜔 cos 𝜃 𝑣 = 𝜔 sin 𝜃 𝑑𝑢𝑑𝑣 = 𝜔𝑑𝜔𝑑𝜃

𝑓 𝑥, 𝑦 = න
0

2𝜋

න
0

∞

𝐹 𝜔 cos 𝜃 , 𝜔 sin 𝜃 𝑒𝑖2𝜋𝜔 𝑥 cos 𝜽+𝒚 sin 𝜽 𝜔𝑑𝜔𝑑𝜃

 using Projection-slice theorem

𝑓 𝑥, 𝑦 = න
0

2𝜋

න
0

∞

𝐺 𝜔, 𝜃 𝑒𝑖2𝜋𝜔 𝑥 cos 𝜽+𝒚 sin 𝜽 𝜔𝑑𝜔𝑑𝜃

 splitting the integral for 𝜽 into two intervals 
and using 𝐺 𝜔, 𝜃 + 𝜋 = 𝐺 −𝜔, 𝜃

𝑓 𝑥, 𝑦 = න
0

𝜋

න
−∞

∞

𝜔 𝐺 𝜔, 𝜃 𝑒𝑖2𝜋𝜔 𝑥 cos 𝜽+𝒚 sin 𝜽 𝑑𝜔𝑑𝜃

𝑓 𝑥, 𝑦 = න
0

𝜋

න
−∞

∞

𝜔 𝐺 𝜔, 𝜃 𝑒𝑖2𝜋𝜔𝝆𝑑𝜔
𝜌=𝑥 cos 𝜽+𝒚 sin 𝜽

𝑑𝜃

Reconstruction using parallel-beam filtered backprojections
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Radon & Fourier
Reconstruction using parallel-beam filtered backprojections

𝜔

Hamming window

ramp filter

ramp×Hamming

windowed ramp filter

ℎ 𝜔 = ቐ𝑐 + 𝑐 − 1 cos
2𝜋𝜔

𝑀 − 1
0 ≤ 𝜔 ≤ 𝑀 − 1 𝐻𝑎𝑚𝑚𝑖𝑛𝑔 𝑤𝑖𝑛𝑑𝑜𝑤 𝑐 = 0.54

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 𝐻𝑎𝑛𝑛 𝑤𝑖𝑛𝑑𝑜𝑤 𝑐 = 0.5

[Ramachandran and 
Lakshminarayanan 1971]
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Radon & Fourier

𝑓 𝑥, 𝑦 = න
0

𝜋

න
−∞

∞

𝜔 𝐺 𝜔, 𝜃 𝑒𝑖2𝜋𝜔𝝆𝑑𝜔
𝜌=𝑥 cos 𝜽+𝒚 sin 𝜽

𝑑𝜃

ℱ1𝐷
− |𝜔| ≡ 𝑠 𝜌

𝑓 𝑥, 𝑦 = න
0

𝜋

𝑠 𝜌 ∗ 𝑔 𝜌, 𝜃 𝜌=𝑥 cos 𝜽+𝒚 sin 𝜽 𝑑𝜃

𝑓 𝑥, 𝑦 = න
0

𝜋

න
−∞

∞

𝑔 𝜌, 𝜃 𝑠 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝜌 𝑑𝜌 𝑑𝜃

Reconstruction using parallel-beam filtered backprojections
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𝐹 𝑢, 𝑣

𝐹𝐿 𝑢, 𝑣

𝐺 𝜔, 𝜃

෰𝐺 𝜔, 𝜃

Gridding

Slice

R
a

m
p

 F
ilte

r
𝜔

𝑓 𝑥, 𝑦

𝑓𝐿 𝑥, 𝑦

𝑔 𝜌, 𝜃

෬𝑔 𝜌, 𝜃

Projection

Back
projection

R
a

m
p

 F
ilte

r
c

o
n

v
o

lv
e

∗∗
𝑤

𝜃
+

Τ
𝜋
2
𝑚
𝑜
𝑑
𝜋

𝜌

Laminogram Filtered
Sinogram

SinogramObject

C
o

n
e

 F
ilt

e
r

𝑢
2
+
𝑣
2

𝑤
(∠

𝜋
𝑎
,𝑏

)

Frequency domain

Space domain

Projection domainImage domain

∠𝜋 𝑎, 𝑏 ≜

tan−1
𝑏

𝑎

0
ൗ𝜋 2

tan−1
𝑏

𝑎
+ 𝜋

𝑎𝑏 > 0
𝑏 = 0

𝑎 = 0, 𝑏 ≠ 0
𝑎𝑏 < 0

𝑓 𝑥, 𝑦 ∗∗ ℎ 𝜌 =

ඵ𝑓 𝑥 − 𝑠, 𝑦 − 𝑡 ℎ 𝑠2 + 𝑡2 𝑑𝑠𝑑𝑡

Gridding
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Relationships between projections and transforms

𝐹 𝑢, 𝑣

𝐹𝐿 𝑢, 𝑣

𝐺 𝜌, 𝜃

෰𝐺 𝜌, 𝜃

Gridding

Slice

R
a

m
p

 F
ilte

r

𝑓 𝑥, 𝑦

𝑓𝐿 𝑥, 𝑦

𝑔 𝜌, 𝜃

෬𝑔 𝜌, 𝜃

Projection

Back
projection

Ramp Filter

convolve

Laminogram Filtered
Sinogram

SinogramObject

C
o

n
e

 F
il
te

r

∗∗
𝑤 𝜃 + Τ𝜋 2 𝑚𝑜𝑑 𝜋

𝜌
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Computed Tomography
Filtered back projection
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Computed Tomography
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Hough & Radon & Fourier
Filtered back projection
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angular range

less than 𝜋
under-sampled 

angles

miscalibrated gain

of detector

Misaligned detector

radialshift
Projection views over

0, 𝜋
Fan-beam data into

parallel-beam
reconstructor



Thank you for 

attention!

Friday seminars

ZOI – UTIA ~ 8 January 2019

Adam Novozámský (novozamsky@utia.cas.cz)


