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Radon

[Radon 1917]

g(pj, 0r) = U f(x,¥)8(x cos 0y + vy sin 6, — pj)dxdy
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Radon [Radon 1917]

g(pj,Hk) = ﬂ f(x,¥)8(x cos 0y + vy sin ), — pj)dxdy

g(p,0) = Jf f(x,y)6(xcos8 + ysinf — p)dxdy

M-1N-1

g(p,0) = Z Z f(x,y)6(xcosf + ysinf — p)

x=0 y=0

A x*+y%<r?
X, V) =
fxy) {O otherwise

=
9(p.6) :f Ady = g(p) ={2A r2—p* |pl<r
—Jr?=p? 0 otherwise




Radon [Radon 1917]

M-1N-1
4 (o)

g(p,0) = z Z f(x,y)6(xcosf + ysinf — p)

x=0 y=0

S

O
Image space Radon space

]V

o Property 1: A point in the picture plane corresponds to a sinusoidal curve in the parameter plane.
o Property 2: A point in the parameter plane corresponds to a straight line in the picture plane.

o Property 3: Points lying on the same straight line in the picture plane correspond to curves through a
common point in the parameter plane.

o Property 4: Points lying on the same curve in the parameter plane correspond to lines through the same
point in the picture plane.
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the relationship

Radon Hough
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o

Shepp-Logan phantom
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[Radon 1917]




flxy)

Original H

f(x—x0, ¥y — ¥o)

Translation E

f(ax, ay)

Scaling -

fpolar (r,¢ + 6p)

Rotation n

g(p,0)

g(p —xycosO —y,sinb,0)

g(p, (0 + 6,) mod 2m)




[Gonzalez 2008 3rd]

Radon
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Detector
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Radon

Back projection: formal interpretation
o for a single point, g(p;, 8x). copying the line L(p;, 6;) onto
the empty image with its intensity g(p;, 6x)

o repeating this process of all values of p; in the projected
signal

f@k(x)y) — g(pJek) = g(XCOSHk +ySin9k'9k)
fo(x,y) = g(xcosf + ysinb,0)

o finalimage by integrating over all the back-projected
Images :

fxy) = fo fo(x,y)d6 ~Z:=Ofe (x,y) - laminogram

11/30




Back projection:

A little frick that almost works!




Back projection:

A little frick that almost works!




[Gonzalez 2008 3rd]
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Naive backprojection (without filtration)
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Radon & Hough

Naive backprojection (without filtration)
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line detection

Original Image
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Radon & Fourier

Projection-slice theorem (Fourier-slice theorem)

o 1D Fourier transform of a projection g(1,8)

Finlg(p,0)} = G(w,8) = j 9(p, §)e-2TPd)

o Substitution

g(p,0) = ﬂ f(x,y)0(xcos@ + ysind — p)dxdy
G(w,0) = ﬂf f(x,y)8(xcos 6 + ysinf — p)e 2P dxdydp

o Rearranging

G(w,0) = ﬂf(x,y) j6(xcost9+ysin9—p)e‘iz”“’pdp dxdy

o Applying the properties of the delta function

G(w,@) — jff(x’y)e—iZna)[xcos6+ysin9]dxdy

G(a), 0) — fj f(X, y)e—iZE[xw cos B+yw sin e]dxdy
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Radon & Fourier

Projection-slice Theorem

G(w, ) = Jj f(x, y)e—iZR[xw cos 8+yw sin G]dxdy

o This looks like 2D Fourier fransform of f (x, y)
Foplf 6, ¥)} =F(u,v) = jf f(x, y)e‘izn[xu“’”]dxdy

where:

u = wcosb
vV=wsinb

=) (G(w,0)=F(wcosf,wsinb)
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Radon & Fourier

Projection-Slice Theorem

y )
2-D Fourier
- transform
Projection ~ F(u, v)
< \
f(x, y)---
VAN .

er
transform

J : x
AW \ \
DN 1-D Fouri
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Radon & Fourier

Reconstruction using parallel-beam filtered backprojections

o 2-D inverse Fourier transform
P (F(u,v)} = F(x,y) = j j F (u, v) e 2T+ gy dy

lu=wcosd v=wsind dudv=wdwdd]

2T (0
flx,y) = j j F(w cos@,w sin @) gi2mwlx cos 0+ysinb] (,q.,,40
o Jo

o using Projection-slice theorem
2T (00
f(x, }7) — j j G(a), 9) eian[x cos O+y sin 0] wdwdb
0 0
o splitting the integral for 6 into two intervals
and using G(w,0 + 1) = G(—w, )
T (0]
f(x,y) — j j IwIG(w, 8)ei2nw[xcos 0+y sin 0] dwdd
0 —00

flx,y) = jon U_OO |lw|G(w, ) et2™@Pdw do

p=x cos 0+y sin 6
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: [Ramachandran and
ROdon & Fourler Lakshminarayanan 1971]

Reconstruction using parallel-beam filtered backprojections

|w]
ramp filter
Frequency Spatial
domain domain
Hamming|window
rampxHamming
windowed ramp filter
. Vo
requency Frequency Spatial
domain domain domain
=1 cos=" 0<w<(M—1) Hamming wind 0.54
—JC Cc — COS SwW s - amming winaow ¢ = U.
h(w) = M—1 g

0 otherwise Hann window ¢ = 0.5
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Radon & Fourier

Reconstruction using parallel-beam filtered backprojections

flx,y) = j: U_OO lw|G(w, B) e2™Pd ey do

p=x cos 8+y sin 6

Fiptlw|} = s(p)

T

f(x: )’) — —[0 [S(p) * g(p, 9)]p=x cos 8+y sin 0 ao

flx,y) = fnUOOg(p,H)S(xCOSH + ysinf — p)dp|db
0 — 00
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Relationships between projections and transforms
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Computed Tomography

Filtered back projection

Original Actual one back projection

Final reconstruction
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Manual filtering

Matlab filtering

Low resolution filtering




Hough & Radon & Fourier

Filtered back projection

Actual one back projection Final reconstruction

Original
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angular range under-sampled miscalibrated gain
less than angles of detector

Misaligned detector Projection views over Fan-beam data into
radialshift [0, 7 | parallel-beam
reconstructor
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