Discretization of
Optimization Problems



Optimization x E-L equation

* Optimization problem
min F'(u mm/f r,u, Vu)dr

* and corresponding E-L equation

F'(u) =0



Discretization

* Finite Element Method (FEM)
— Solution to integral equation

* Finite Difference Method (FDM)
— Solution to E-L equation



Finite Element (FEM)

Partition of the space Triangular Finite Element
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FEM

* Linear approximation of the function inside each
element using values in nodes:
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* Function u Is approximated in the whole element
not just in the nodes.




Solution of Laplace's equation

. 1
* Functional: F = 5/ Vul|?dz
2

f(z,u, Vu) = |Vu|? = uZ + uz

* E-L equation: —Au=0 AU = Ugy + Uy
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3
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* Leads to a quadra]yc form:
F = ZFe — %uTCu

e=1

* u ... vector of all nodes U,;
C ... matrix of all coefficients C®

* Solution: =
Vi

=0 = Cu=0
8ui "

A set of linear equations!!!  (Dirichlet B.C.?)



FEM

* Pros
— Geometrically complex problems
— Structural mechanics

* Cons
— Often hard to implement



Finite Difference (FD)

* Nodes on a uniform grid

pixel

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

* Approximation of derivative: 9u  Ju
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Digital Image




2D convolution
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Convolution

 Continuous case
h*xu= /h(m — s,y — t)u(s,t)dsdt

* Discrete case
h*u~ Hu

* Boundary effect!!!



Approximation of Derivatives

* Based on the Taylor expansion conv. kernel:
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Approximation of Derivatives

I """"""" conv. kernel:
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Approximation of Laplacian

* Apply forward (backward) differences
twice both on x and y.
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Approximation of Laplacian

* Rotationally invariant
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Back to Laplace's equation

* FEM:
complex partitioning

area 4.
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* Regular grid & lin.approx. of v on 4
A

E C Is a discrete
- Laplacian.

convolution with
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1 FEM 1
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E-L eq. 1 1 vu
FD

—Au =0 — Cu=0



Evolution of Laplace's Equation
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Evolution of TV Equation
./ Vu .
Up = le(—)
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|sotropic & Anisotropic Diffusion

min f | min /
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